We present new results for pulsating neutron stars. We have calculated the eigenfrequencies of the modes that one would expect to be the most important gravitationalwave sources: the fundamental fluid f -mode, the first pressure p-mode and the first gravitational-wave w-mode, for twelve realistic equations of state. From this numerical data we have inferred a set of "empirical relations" between the mode-frequencies and the parameters of the star (the radius R and the mass M ). Some of these relation prove to be surprisingly robust, and we show how they can be used to extract the details of the star from observed modes. The results indicate that, should the various pulsation modes be detected by the new generation of gravitational-wave detectors that come online in a few years, the mass and the radius of neutron stars can be deduced with errors no larger than a few percent.
INTRODUCTION

Motivation
The day of the first undeniable detection of gravitational waves should not be far away. In less than five years at least five large interferometric gravitational-wave detectors (LIGO, VIRGO, GEO600 and TAMA) will be operating. At the same time a new generation of spherical resonant detectors (GRAIL, SFERA etc) could be sensitive enough to detect signals from supernova collapse and binary coalescences in the Virgo cluster of galaxies. In other words: Recent advancements in technology are heralding the era of gravitational-wave astronomy. However, for this field to reach its full potential theoreticians must in advance point out the most promising sources, the optimal methods of detection and the appropriate bandwidth to which the detectors should be tuned. Hence, the theoretical effort is presently focused on various sources of potentially detectable gravitational waves, in order to both characterize the waves and device detailed detection strategies. Once gravitational waves are detected the first task will be to identify the source. This should be possible from the general character of the waveform and may not require very accurate theoretical models, but accurate models will be of crucial importance for a deduction of the parameters of the source. That is, for gravitational-wave "astronomy".
With this paper we contribute to this rapidly growing field in two ways. We present results for the gravitational waves from a pulsating relativistic star, eg. the violent oscillations of a compact object formed after a core collapse. These results provide a means for taking the fingerprints of the source, and suggest optimal bandwidths to which a detector should be tuned to enable detection of such signals. Specifically, we discuss how the information carried by gravitational waves from a pulsating star can be used to infer, with good precision, both the mass and the radius of the star: Data that would strongly constrain the supranuclear equation of state (EOS).
The idea behind the present work is a familiar one in astronomy: For many years, studies of the light variation of variable stars have been used to deduce their internal structure (Unno et al. 1989) . The Newtonian theory of stellar pulsation was to a large extent developed in order to explain the pulsations of Cepheids and RR Lyrae. This approach, known as Asteroseismology (Helioseismology in the specific case of the Sun), has been quite successful in recent years. The relativistic theory of stellar pulsation has now been developed for thirty years, but it has not yet been applied in a similar way. So far, the relativistic theory has no immediate connections to observations (that are not already provided by the Newtonian theory). We believe that this situation will change once the gravitational-wave window to the universe is opened, and with this article we discuss how the information carried by the gravitational-wave signal can be inverted to estimate the parameters of pulsating stars. That is, we take the first (small) step towards gravitational-wave asteroseismology.
Detectability of the waves
At the present time it is not clear that the gravitational waves from pulsating neutron stars will be seen by the detectors that are presently under construction. Our relative ignorance in this matter is due to the lack of accurate, fully relativistic, models of, for example, the gravitational collapse that follows a supernova. At present we simply do not know how much energy will be radiated through the oscillation modes of a nascent neutron star. But one can argue that the released energy could be considerable. One generally expects the newly formed neutron star to pulsate wildly during the first few seconds following the collapse. This pulsation will be damped mainly through gravitational waves. This means that the signal, that carries the signature of the collapsed object, may be invisible in the electromagnetic spectrum, but the amplitude of the emerging gravitational waves could be considerable. The energy stored in the pulsation can potentially be of the same order as the kinetic energy of the collapse. In fact, it is not unreasonable to expect that a significant part of the mass energy of the newly formed object is radiated in this way.
The spectrum of a pulsating relativistic star is tremendously rich, since essentially every feature of the star can be directly associated with (at least) one distinct family of pulsation modes (McDermott, Van Horn & Hansen 1988; Andersson, Kojima & Kokkotas 1996) . But it seems likely that only a few of these modes will carry away the bulk of the radiated energy (Allen, et al. 1997) . From the gravitationalwave point of view, the most important modes are the fundamental (f ) mode of fluid oscillation, the first and maybe the second pressure (p) modes and the first gravitational-wave (w) mode (Kokkotas & Schutz 1992; Andersson, Kokkotas & Schutz 1995; Andersson, Kojima & Kokkotas 1996) . Other pulsation modes, eg. the g (gravity), higher order p-modes, s (shear), t (toroidal), i (interface) modes, can be accounted for with Newtonian dynamics since they do not emit significant amounts of gravitational radiation (McDermott, Van Horn & Hansen 1988) . For a historical description of, and further details on, the theory of relativistic stellar pulsation we refer the reader to a recent review article by one of us (Kokkotas 1997) . A detailed discussion of the relativistic perturbation equations was recently provided by Allen et al. (1997) .
The pulsation modes of a neutron star are likely to be excited in many dynamical processes, but will the resultant gravitational waves be strong enough to be detectable on Earth? As already mentioned, the answer to that question is unclear and demands more accurate modeling, but it is straightforward to derive useful order of magnitude estimates. As we have have recently shown elsewhere , we get
for the f -mode, and
for the fundamental w-mode. Here we have used typical parameters for the pulsation modes, E is the available pulsation energy, and the distance scale used is that to SN1987A.
In this volume of space one would not expect to see more than one event per ten years or so. However, the assumption that the energy released through gravitational waves in a supernova is of the order of 10 −6 M⊙c 2 is probably conservative. If a substantial fraction of the binding energy of a neutron star were released through the pulsation modes they could potentially be observable all the way out to the Virgo cluster. Then we could hope to see several events per year.
Suppose we want to know how much energy must go into each mode to achieve an effective gravitational-wave amplitude h eff ∼ 10 −21 (the order of magnitude a signal must have to be "detectable") when the source is at a distance of 15 Mpc. We can invert the above relations, and find that at least 1% of a solar mass must be radiated through these modes if they are to be detectable at the Virgo distance. The specific numbers are E ≈ 0.019M⊙c 2 for the f -mode and E ≈ 0.096M⊙c 2 for the w-mode. To assume that this amount of energy actually goes into these modes seems somewhat optimistic, but the possibility should not be ruled out. Anyway, the rough estimates indicate that the pulsations of a nascent neutron star in the local group of galaxies could well be detectable. This may not be a very frequent event, but as we shall see the pay-off of its detection could be great.
Addressing the inverse problem
Considering the possibility of a future detection it is relevant to pose the "inverse problem" for gravitational waves from pulsating stars. Once we have observed the waves, can we deduce the details of the star from which they originated? To answer this question we have calculated the frequencies and damping times of the modes that we expect to lead to the strongest gravitational waves for a selection of EOS. The numerical method used for the calculation is essentially that described by Andersson, Kokkotas and Schutz (1995) . The study includes several stellar models for each EOS. The obtained data, which is tabulated in Appendix A, extends previous results of Lindblom and Detweiler (1983) in two ways: i) a few modern EOS are included, and ii) we have added results both for p-and w-modes. We have used this numerical data to create useful "empirical" relations between the "observables" (frequencies and damping times) and the parameters of the star (mass, radius and possibly the EOS). As we will show in the following, these relations can be used to infer the stellar parameters from detected mode data.
In this study we have not taken into account the effects of rotation. There are two reasons for this: Firstly, rotation should have a marginal effect, except for in the most rapidly spinning cases, since rotational effects scale as the angular velocity squared. Secondly, and more importantly, there is at present no available method that can be used to study pulsation modes of a rapidly rotating relativistic star. Such methods must be developed, and once the relevant results become available the present study can be complemented to incorporate them.
Before we proceed to discuss the deduced empirical relations, a few comments on our choice of stellar models are in order. In Appendix A we tabulate data for various oscillation modes (f , p and w) for twelve different EOS listed in Table 1 . The chosen pulsation modes are those that i) should produce the strongest gravitational waves, and ii) lie inside the bandwidth of the detectors which are either planned or under construction. Most of the EOS were taken from the old Arnett and Bowers catalogue (Arnett & Bowers 1974) . Although some of these EOS might be outdated none of them are ruled out by present observations. Furthermore, the range of stiffness of the EOS listed by Arnett and Bowers is still relevant today. This is important for the present study: In order for our analysis to be robust it is necessary that our sample of EOS spans the anticipated range of stiffness. However, we have also included three more modern EOS: one of the models of Wiringa et al (1988) and two models from Glendenning ( 1985) . For the EOS that were also considered by Lindblom and Detweiler (1983) we have chosen identical stellar models to facilitate a comparison of the results. Finally, we have only included stellar models whose masses and radii are within the limits accepted by current observations (Finn 1994; van Kerkwijk et al. 1995) .
WHAT CAN WE LEARN FROM OBSERVATIONS?
Our present understanding of neutron stars comes mainly from X-ray and radio-timing observations. These observations provide some insight into the structure of these objects and the properties of supranuclear matter. The most commonly and accurately observed parameter is the rotation period, and we know that radio pulsars can spin very fast (the shortest observed period being the 1.56 ms of PSR 1937+21). Another basic observable, that can be obtained (in a few cases) with some accuracy from todays observations, is the mass of the neutron star. As Finn ( 1994) has shown, the observations of radio pulsars indicate that 1.01 < M/M⊙ < 1.64. Similarly, van der Kerkwijk et al (1995) find that data for X-ray pulsars indicate 1.04 < M/M⊙ < 1.88. The data used in these two studies is actually consistent with (if one includes error bars) M < 1.44M⊙. We now recall that the various EOS that have been proposed by theoretical physicists can be divided into two major categories: i) the "soft" EOS which typically lead to neutron star models with maximum masses around 1.4M⊙ and radii usually smaller than 10 km, and ii) the "stiff" EOS with the maximum values M ∼ 1.8M⊙ and R ∼ 15 km (Arnett & Bowers 1977) . From this one can deduce that, even though the constraint put on the neutron star mass by present observations seems strong, it does not rule out many of the proposed EOS. In order to arrive at a more useful result we are likely to need detailed observations also of the stellar radius. Unfortunately, available data provide little information about the radius. The recent observations of quasiperiodic oscillations in low mass X-ray binaries indicate that R < 6M , but again this is not a severe constraint. Although a number of attempts have been made, using either X-ray observations (Lewin et al. 1993) or the limiting spin period of neutron stars (Friedman et al 1986) , to put constraints on the mass-radius relation, we do not yet have a method which can provide the desired answer.
A detection scenario
In view of this situation, any method that can be used to infer neutron star parameters is a welcome addition. Of specific interest may be the new possibilities offered once gravitational-wave observations become reality. An obvious question is to what extent one can solve the inverse problem in gravitational-wave astronomy. In this paper we address this issue for the case of waves from pulsating neutron stars.
In Appendix A we provide extended tables with frequencies and damping times for the most relevant pulsation modes (as far as gravitational waves are concerned) of various stellar models created from a range of realistic EOS. We will suppose that these modes can be detected by some future generation of gravitational-wave detectors, and investigate to what precision we can hope to calculate the parameters of the source from observed data. Let us suppose that a nearby supernova explodes, say in the Local Group of galaxies, and is followed by a core collapse that leads to the formation of a compact object. As the dust from the collapse settles the compact object pulsates wildly in its various oscillation modes, generating a gravitational-wave signal which is composed of an overlapping of different frequencies.. We will assume that the results of Allen et al (1997) can be brought to bear on this situation, i.e. that most of the energy is radiated through the f -mode, a few p-modes and the first w-mode. Our detector picks up this signal, and a subsequent Fourier analysis of the data stream yields the frequencies and the energy content in each mode.
The first question to be answered by the gravitationalwave astronomer concerns what kind of compact object could produce the detected signal. Is it a black hole or a neutron star? The pulsation of these objects lead to qualitatively similar gravitational waves, eg. exponentially damped oscillations, but the question should nevertheless be relatively easy to answer. If more than one of the stellar pulsation modes is observed the answer is clear, but even if we only observe only one single mode the two cases should be easy to distinguish. The fundamental (quadrupole) quasinormal mode frequency of a Schwarzschild black hole follows from
while the associated e-folding time is
That is, the oscillations of a 10 M⊙ black hole lie in the frequency range of the f -mode for a typical neutron star (see Appendix A). But the two signals will differ greatly in the damping time, the e-folding time of the black hole being nearly three orders of magnitude shorter than that of the neutron star f -mode.
Having excluded the possibility that our signal came from a black hole, we want to know the mass and the radius of the newly born neutron star. We also want to decide which of the proposed EOS that best represents this star. To address these questions we can use a set of empirical relations deduced from the data of Appendix A: Relations that can be used to estimate the mass, the radius and the EOS of the neutron star with good precision.
Empirical relations
Let us first consider the frequency of the f -mode. It is well known that the characteristic time-scale of any dynamical process is related to the mean density of the mass involved (see Misner, Thorne and Wheeler (1973) ch. 36.2) . This notion should be relevant for the fluid oscillation modes of a star, and we consequently expect that ω f ∼ρ 1/2 . That is, we should normalize the f -mode frequency with the average density of the star. The result of doing this is shown in Figure 1 . From this Figure it is apparent that the relation between the f -mode frequencies and the mean density is almost linear, and a linear fitting leads to the following simple relation:
where we have introduced the dimensionless variables
¿From equation (5) follows that the typical f -mode frequency is around 2.4 kHz. To deduce a corresponding relation for the damping rate of the f -mode, we can use the rough estimate given by the quadrupole formula. That is, the damping time should follow from
Using this normalization we plot the functional (τ f M 3 /R 4 ) −1 as a function of the stellar compactness, cf. 
The small deviation of the numerical data from the above formula is apparent in Figure 2 , and one can easily see that a typical value for the damping time of the f -mode is a tenth of a second. For the damping rate of the p-modes the situation is not so favorable. This is because the damping of the p-modes is more sensitive to changes in the modal distribution inside the star. Thus, different EOS lead to rather different p-mode damping rates, cf. would be the case. Clearly, an empirical relation based on the data in Figure 3 would not be very robust. The situation is slightly better if we consider the oscillation frequency of the p-mode. From the data graphed in Figure 4 we can deduce a relation between the p-mode frequency and the parameters of the star:
and we see that a typical p-mode frequency is around 7 kHz. Although the data for several EOS deviate significantly from (9) it is still a useful result. Stellar masses and radii deduced from it will not be as accurate as ones based on f -mode data, but on the other hand, if M and R are obtained in some other way (say, from a combination of observed f -and w-modes) the p-mode can be used to deduce the relevant EOS. That empirical relations based on p-mode data would be less robust and useful than those for the f -mode was expected, since the p-modes are sensitive to changes in the matter distribution inside the star. In contrast, the gravitational-wave w-modes should lead to very robust results. It is well known (Kokkotas & Schutz 1992; Andersson, Kojima & Kokkotas 1996 ) that the w-modes do not excite a significant fluid motion. Thus, they are more or less independent of the characteristics of the fluid: The frequencies do not depend on the sound speed and the damping times cannot be modeled by the quadrupole formula. But we can nevertheless deduce the appropriate normalization for the w- inversely proportional to the size of the star. This is clear from the data in Figure 5 . Meanwhile, the damping time is related to the compactness of the star, i.e. the more relativistic the star is the longer the w-mode oscillation lasts. This is shown in Figure 6 . These properties have already been discussed in some detail by Andersson, Kojima and Kokkotas (1996) for uniform density stars. For the present numerical data (shown in Figures 5  and 6 ) we find the following relations for the frequency and damping of the first w-mode:
and
We see that a typical value for the w-mode frequency is 12 kHz, but since the frequency depends strongly on the radius of the star it varies greatly for different EOS. For example, for a very stiff EOS (L) the w-mode frequency is around 6 kHz while for the softest EOS in our set (G) the typical frequency is around 14 kHz. The w-mode damping time is comparable to that of an oscillating black hole with the same mass, i.e. it is typically less than a tenth of a millisecond.
A simple experiment
In principle, the relations we have deduced between the various pulsation modes and the stellar parameters can be used to infer M and R (or some combination thereof) from detected mode-data. The five relations (5) - (11) form an over-determined system of five equations for the two unknown quantities R and M . One would expect this system to provide an accurate characterization of the star in the ideal case when the gravitational-wave signal carries energy in all modes (f , p and w). This idea is promising and simple enough, but we need to examine how well it can work in practice. To do this we have constructed a set of independent polytropic stellar models (p = Kρ 1+1/N ) with varying polytropic indices (N = 0.8; 1; 1.2). We have determined the f -mode, the first p-mode and the slowest damped w-mode for each of these models. We let this data represent "observed" gravitationalwave signals, and use various combinations of the relations (5) - (11) to extract the values of the masses and radii of the stellar models.
In Figure 7 we show the result of a combination of the relations for f -and w−modes [ (5), (8), (10) and (11)] for one of the polytropic models. In the Figure, a filled circle represents the true parameters of the star, and it is clear that estimates based on the above relations can be very accurate. More detailed results are listed in Table 2 . The typical errors of a parameter estimation based on the oscillation frequencies of the f -and the w-mode [the combination of (5) and (10)] are (5% ,2%) where the first number is the error in the radius and the second is the error in the mass. Combining the frequency and damping of the f -mode [ (5) and (8)] we find (6.5% ,17.6%). The f -mode frequency and the w-mode damping rate [ (5) and (11)] lead to (5.6% ,1.4%), while the w-mode frequency and the f -mode damping [(10) and (8)] yield (3.2% ,1.9%). A combination of the w-mode frequency and damping rate [(10) -(11)] leads to (3.9% ,1.6%). Finally, by combining the damping rates of the f -and the w-mode [(11) and (8)] we get (2.1% ,6.3%). These results are rather impressive. The robustness of our empirical relations for f -and w-modes, and the precision with which they can be used to deduce stellar masses and radii, is surprising. The errors are notably larger when we replace either the f -or the w-mode with the p-mode. For example, for the combination (5) and (9), the oscillation frequencies of the fand p-modes, the method estimates the stellar parameters to within (23%,123%). That is, from this combination we can at best get upper and lower bounds of the parameters of the observed object.
That the p-mode relation is less useful for an inversion to yield the stellar mass and radius is, however, not completely bad news. Once we have estimated the mass and the radius we want to identify which of the proposed EOS that best fits the observed data. When combined with data deduced from the other modes the p-modes can provide the answer to this question, eg. via the results in Figure 3 . If we observe a p-mode we should at least be able to exclude the unsuitable EOS.
The most suitable EOS can, of course, also be deduced from the mass and radius of the star. As we show in Figure 8 the mass-radius relation is characteristic for each EOS in our sample. From this data it should not be difficult to infer which EOS that can lead to a mass and radius obtained via the empirical relations. Alternatively, one can use the approach suggested by Lindblom (1992) . He has shown how one can reconstruct the density-pressure relation in the in- Table 2 . Results from a simple "experiment": We have used the empirical relations for mode-frequencies of realistic EOS to deduce the stellar parameters of a set of independent polytropic models. In the first three columns we list the parameters of the polytropes: the polytropic index, the radius and the mass. The following columns give the percentage error in the estimated parameters (radius,mass) when the polytropic mode-frequencies are used in our relations for f -and w-modes [(5), (8), (10) and (11)]. We have not used the p-mode data here, since the corresponding empirical relations are less robust than for the other modes. (5) and (10) (5) and (8) (5) and (11) (10) and (8) (10) and (11) (11) terior of a neutron star from a sample of observed masses and radii.
CONCLUDING REMARKS
This paper concerns the feasibility of gravitational-wave asteroseismology. That is, whether it is realistic to expect to be able to infer stellar parameters [mass, radius and EOS] from observations of gravitational-wave signals from pulsating neutron stars. To address this issue we have calculated the details of the modes that we expect to provide the strongest gravitational waves: the f -mode, the first pmode and the first w-mode, for a sample of twelve realistic 
Radius (Km) M (Solar Masses) Figure 8 . The mass-radius relation for the twelve EOS in our sample. This data can be used to identify which of the EOS that agrees best with the estimated parameters of a star. From the graph one can easily identify the relative stiffness of the EOS. In order of increasing stiffness they can be ordered G < B < F < A < E < D < W F F < C < G 240 < G 300 < I < L.
EOS. Our chosen EOS span a range of stiffness that should include all proposed models. From the obtained data we have deduced a set of empirical relations that can be used to infer the mass and the radius (or rather, combinations thereof) from observed mode-frequencies. In the ideal case, when both the f -and the w-mode are detected, our empirical relations predict M and R with surprising precision. These results are undoubtedly interesting, but so far we have discussed an ideal scenario. In order for gravitationalwave asteroseismology to become reality, the detectors that are presently under construction or at the planning stage must be able to detect these mode-signals. We have argued that this may be possible in a hand-waving way, but we have as yet no detailed results. The answer depends to a large extent on how much energy is radiated through the pulsation modes of, for example, a nascent neutron star immediately following the collapse. At the present time there are no reliable predictions of this, and fully relativistic collapse simulations are desperately needed. This is a challenge for numerical relativity, and hopefully the answer will be known in the near future. Another, related issue, that we have not addressed concerns the expected detection errors. When the signal is noisy, as is likely to be the case, there will be statistical errors associated with the observed mode-data. These errors will obviously affect the precision with which the stellar parameters can be deduced from our empirical relations.
Finally, the detectors which will be in operation in the next decade will mainly be sensitive to frequencies below 5-6 kHz. The f -modes are well inside this bandwidth, as is the first p-mode for most of the EOS we have considered. But only for the stiffest EOS does the first w-mode have a frequency around 6 kHz. This is bad news for the proposed parameter detection/inversion. But as we have seen, a detection of the w-mode could lead to a very accurate deduction of the stellar mass and radius. The astrophysical pay-off would thus be considerable, and the situation illustrates the need to complement the currently planned detectors with ones dedicated to a search for high-frequency gravitational waves. 
